We obtained accurate resonances for the Stark effect in hydrogen by means of three independent methods. Two of them are based on complex rotation of the coordinates and diagonalization of the Hamiltonian matrix (CRLM and CRCH). The other one is based on the Riccati equations for the logarithmic derivatives of factors of the wavefunction (RPM). The latter approach enabled us to obtain the most accurate results and extremely sharp resonances.
Introduction
The Stark effect in hydrogen is an old problem in atomic spectroscopy and one of the first triumphs of wave mechanics [1, 2] (and references therein).
The Schrödinger equation is separable in parabolic and squared parabolic coordinates which facilitates the application of most approximate methods [2] .
In a recent paper Fernández-Menchero and Summers [3] obtained the complex eigenvalues and eigenfunctions of the Hamiltonian operator for the hydrogen 1 e-mail: fernande@quimica.unlp.edu.ar atom in a uniform electric field. They resorted to the Lagrange-mesh basis set,
proposed by Lin and Ho [4] for the treatment of the Yukawa potential in a uniform electric field, and the complex-rotation method [5] . They compared their results with those obtained by Lin and Ho [4] , Kolosov [6] , Rao and Li [7] and Ivanov [8] and overlooked the earlier impressive calculations of Benassi and Grecchi [9] and the accurate results obtained by Fernández [10] . Benassi and Grecchi resorted to complex scaling and a basis set of confluent hypergeometric functions that is suitable when the Schrödinger equation is written in squared parabolic coordinates. On the other hand, Fernández applied the straightforward Riccati-Padé method (RPM) that does not require the use of complex coordinates.
The purpose of this paper is to calculate the Stark resonances as accurately as possible by means of the methods proposed by Fernández-Menchero and
Summers [3] , Benassi and Grecchi [9] and Fernández [10] and compare the results with those obtained by the authors already mentioned and also by Damburg and Kolosov [11] . There is a vast literature on the hydrogen atom in a uniform electric field but we restrict present discussion to some of the available calculations that we deem are suitable for comparison.
In section 2 we outline the main ideas about separating the Schrödinger equation in parabolic and squared parabolic coordinates. In sections 3, 4 and 5
we briefly introduce the methods of Fernández-Menchero and Summers [3] , Benassi and Grecchi [9] and the RPM [10] , respectively. In section 6 we compare the results of various approaches and in section 7 we summarize the main results and draw conclusions.
Stark effect in hydrogen
The Schrödinger equation in atomic units is
where F is the intensity of the uniform electric field assumed to be directed along the z axis.
This equation is separable in parabolic coordinates
If we write
then we obtain two equations of the form
where σ = ±1 and A + = A and A − = 1 − A are separation constants. When σ = 1, x = ξ and Φ(ξ) = u(ξ); when σ = −1, x = η and Φ(η) = v(η).
The Schrödinger equation (1) is also separable in squared parabolic coordi-
If in this case we write
where, σ = ±1 and Z + = Z and Z − = 4 − Z are the separation constants.
When σ = 1, x = µ and Φ(µ) = u(µ); when σ = −1, x = ν and Φ(ν) = v(ν).
The solutions to the equations in either set of coordinates are commonly labelled by the quantum numbers n 1 , n 2 = 0, 1, 2 . . . and m = 0, 1, . . ., and the notation |n 1 , n 2 , m is suitable for referring to them. We will sometimes resort to the principal quantum number n = n 1 + n 2 + |m| + 1 to denote a set of states. Obviously, m is the only good quantum number; the other ones refer to the states of the hydrogen atom and are valid when F = 0.
Complex rotation and Laguerre-mesh basis set
Fernández-Menchero and Summers [3] decided to treat the Schrödinger equation as nonseparable. The Hamiltonian operator in parabolic coordinates reads
and the authors proposed the variational ansatz
where L N (x) is the Laguerre polynomial of degree N and x k its k-th zero. In order to obtain the resonances they resorted to the well-known complex rotation method [5] that in this case is given by the transformation (ξ, η) → (e iϑ ξ, e iϑ η),
where ϑ is the rotation angle. The eigenvalues and expansion coefficients are given by the secular equation
where the elements of the N 2 × N 2 matrices H and S are explicitly shown elsewhere [3] and the elements of the column vector C are the coefficients c klm . Note that the integrals appearing in the matrix elements of both H and S should be calculated numerically and when we increase N we have to calculate all those integrals again. For brevity we will call this method CRLM.
Complex scaling and confluent hypergeometric basis set
In order to obtain the resonances Benassi and Grecchi [9] resorted to equation (7) and a basis set of the form
where F (a, b, z) is the confluent hypergeometric function. In this case the authors resorted to the complex scaling method that is based on the transfor-
, where λ is a complex number. The complex scaling method contains the complex rotation method as a particular case because λ = |λ|e iϑ and the proper choice of |λ| enables one to improve the convergence of the approach.
In this case all the elements of the relevant pentadiagonal matrix can be calculated analytically and are independent of the matrix dimension. This approach will be called CRCH from now on.
The Riccati-Padé method
We can apply the RPM to the eigenvalue equations derived in either parabolic or squared parabolic coordinates. In the earlier application of the approach Fernández [10] chose the former and here we resort to the latter. It is worth mentioning that the performance of the RPM in both sets of coordinates is identical and that the reason for the selection of the squared parabolic coordinates is to have a closer contact between the RPM and the CRCH method of Benassi and Grecchi [9] . The regularized logarithmic derivative
can be expanded in a Taylor series
where the coefficients f j are polynomial functions of E and Z. The details of the method are outlined elsewhere [10] ; here it suffices to say that we construct Hankel determinants of the form
and obtain the approximate eigenvalues E [D,d] from the roots of the set of nonlinear equations
The main advantage of the RPM is the enormous rate of convergence which enables us to obtain very accurate eigenvalues with determinants of relatively small dimension. However, the great number of roots in the neighborhood of each eigenvalue makes it difficult to find the optimal sequence that converges to it. Since we resort to the Newton-Raphson algorithm to obtain the roots of the system of equations (16) we have to choose the starting point quite close to the chosen root. We will discuss this point briefly in Section 6. The RPM is most suitable for the treatment of separable problems.
Numerical calculations
In order to apply the CRLM [3] we calculated all the integrals numerically with a tolerance of 10 −15 . For each value of F , m and N we varied the rotation angle ϑ between 0.3 and 0.7 looking for those eigenvalues that remained almost constant. We could reproduce the results in the literature with matrices of dimension N = 30 [12] .
The only exact quantum number is m, however, it is customary to resort to the quantum numbers of the isolated hydrogen atom in order to label the energies and states of the Stark problem. Some authors choose the parabolic quantum numbers n 1 , n 2 = 0, 1, 2, . . . [9] and others the principal quantum number n = n 1 + n 2 + |m| + 1 and k = n 1 − n 2 [3] .
In the case of CRCH we first solved the eigenvalue equations that yield the eigenvalues Z + and Z − and then applied the Newton-Raphson method to solve the equation Z + + Z − − 4 = 0. Details of the calculation are given elsewhere [9] ; we just mention that in order to obtain a starting point for the Newton-Raphson method we resorted to the results provided by perturbation theory [16] .
The Hankel determinants that appear in the RPM are polynomial functions of E and Z of great degree. For this reason it is necessary to handle complex numbers with sufficiently great precision and we resorted to the GNU MPC library [13] . The Hankel determinants can be calculated numerically by means of the well known recurrence relation
with the initial conditions H The resonances explicitly labelled in figures 1 and 2 are shown in Table 1 with their number of digits truncated to a reasonable size. Figure 3 shows that our estimated value of ImE for the lowest resonance is in perfect agreement with the analytic asymptotic formula derived by Benassi and Grecchi [9] :
The RPM is also suitable for the calculation of higher resonances. For example, tables 2 and 3 compare present results obtained by the CRCH and RPM for two states with n = 5 with those obtained earlier by Damburg and Kolosov [11] . Table 4 compares present RPM results for some states with n = 10 with those obtained by Kolosov [6] . The discrepancy in the imaginary part for the case |0, 9, 0 , F = 2.2 × 10 −5 , is probably due to a misprint in that reference. Table 5 shows the resonance |39, 0, 0 for several values of the field strength.
We do not compare these results with those of Kolosov [6] because he did not indicate the conversion factor from atomic units to V cm −1 shown in his table.
However, Fig. 4 shows that both sets of results are in reasonable agreement.
In the tables discussed above we have truncated present RPM results to a rea- 
Conclusions
We have calculated the resonances of the Stark effect in hydrogen by means of three independent methods. Although we were able to improve the CRLM calculation considerably [12] we think that the CRCH is far more efficient.
However, the RPM yielded considerable more accurate results and enabled us to obtain extremely sharp resonances that we were not able to obtain by means of the other two methods. The reason is that the accuracy of the real part should be at least of the order of the imaginary one. We were able to attain such an accuracy in the calculation of the roots of the RPM equations (16) thanks to the GNU MPC library [13] . We think that it is almost impossible to do the same by means of the CRLM because of the numerical calculation of the matrix elements. In principle, one can obtain the resonances with any degree of accuracy by means of the CRCH but such calculation would require a great deal of ingenuity. For this reason we think that the RPM is an extremely suitable benchmark to test other approaches on separable models. Table 1 Resonances for the states appearing in figures 1 and 2 Table 2 Resonance |0, 4, 0 from reference [11] Table 4 Resonances calculated by Kolosov [6] Table 5 Resonance |39, 0, 0 calculated by means of the RPM with D ≤ 65 Re(E) Im(E)
F
|0, 1, 0 > |1, 0, 0 > |0, 5, 0 > |0, 0, 1 > log[|Im(E [D] ) − Im(E [D−1] )|] D10 5 F a b
